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In the dissertation, the following notations with the corresponding definitions are used. Here we present only the basic model-theoretic definitions used throughout the dissertation [1, 2, 3, 4].
A first-order language  consists of the following sets:
 constant symbols ,
 function symbols ,
 relation symbols .
Each function or relation symbol has an arity , i.e. . Constants are viewed as 0-ary function symbols.
An -structure  is defined as follows:
1) A nonempty set , called the domain (or universe) of .
2) For each constant symbol , an element .
3) For each -ary function symbol , a map .
4) For each -ary relation symbol , a set .
The elements , , and  are called the interpretations of the symbols , , and , respectively. We often write the structure in the form



meaning the set  equipped with the interpretations of all symbols of . Throughout, we use , , , ,  to denote the underlying sets (domains) of the structures , , , , .
A homomorphism  between -structures is a map  such that for all :
1) for each constant symbol , we have



2) for each -ary function symbol , we have



3) for each -ary relational symbol , we have



An embedding of  into  is an injective homomorphism  that also reflects relations, i.e. for each -ary relation symbol  and each  we have



An isomorphism is a surjective embedding between  and . Structures ,  are isomorphic if there exists an isomorphism between them; we write .
An automorphism of  is an isomorphism . The set of automorphisms  forms a group under composition.
An -structure  is called a substructure of an -structure  (and that  is an extension of ), written , if  and the inclusion map is an embedding from  to .
We always mean that  denotes a sequence , possibly infinite, of distinct variables.
An -tuple in  is a finite sequence  of elements of  with length .
A term in  is defined inductively as follows:
1) Every variable  is a term.
2) Every constant symbol of  is a term.
3) If  is an n-ary function symbol of  and  are terms, then the expression  is a term.
An atomic formula of  is either
1) , where  are terms, or
2) , where the  are terms of  and  is an -ary relation symbol of .
A literal is an atomic or negation of an atomic formula.
The set of formulas in  is the smallest set containing all atomic formulas and closed under the following rules:
1) If  is formula, then  is a formula.
2) If  are formulas, then  and  are formulas.
3) If  is a formula and  is a variable, then  and  are formulas.
A variable  occurs freely in a formula  if it is not bound by a quantifier  or .
A sentence is a formula with no free variables.
For an -tuple  in , we write



to mean that the tuple  satisfies the formula  in .
Let  be a formula with free variables from , and let . We inductively define  as follows.
1) If  is , then  if and only if .
2) If , then  if and only if .
3) If  is , then  if and only if .
4) If  is , then  if and only if  and .
5) If  is , then  if and only if  or .
6) If  is , then  if and only if  for all .
7) If  is , then  if and only if there is  such that .
The set defined by a formula  in  is



A subset  is parametrically definable in  if there exists a formula  with parameters  such that



Here, we say that  defines  over , or simply  defines .
A set  is said to be definable if it can be defined by a formula.
An -structure  satisfies a set of -sentences , or is a model of a set of -sentences , written  if for all  we have .
We say that a set of -sentences  is consistent if it has a model, i.e., if there is  with .
An -theory is a consistent set of -sentences.
A theory which has a model is a consistent theory.
We say that  is a consequence of  or  follows from , written  if a sentence  holds in all models of , i.e.,  for all .
The sentences of a theory  are referred to as its axioms.
A set of sentences  is an axiomatization of  if  and  have the same consequences.
A theory  is finitely axiomatizable if there exists a finite set of sentences  such that  is an axiomatization of .
A theory  is recursively axiomatizable if there exists a computable set of sentences  such that  is an axiomatization of .
A consistent -theory  is complete if for every -sentences , either



Two -structures  and  are elementary equivalent, written , if , that is, if for all -sentences 



Two -sentences  are equivalent modulo -theory  if for every , we have


Two formulas  and  are equivalent modulo -theory  if for all , we have



A map  between -structures  and  is called elementary if for every -formula  and all  we have



We say that an -structure  is an elementary substructure of -structure  (and  an elementary extension of ), written  if  is a substructure of  and the inclusion map is elementary, that is, for every -formula  and , we have



An embedding  is an elementary embedding if its image is an elementary substructure of .
The atomic diagram of an -structure  is the set




Equivalently,  is the set of all atomic and negated atomic -sentences true in .
A formula is quantifier-free if it contains no quantifiers.
A theory  has quantifier elimination if for every formula  there is a quantifier-free formula  such that



A type  over a first order -theory  in the variables  is any set of formulas with free variables among  that is consistent with .
A complete -type over  is a maximal consistent set of formulas. The set of all complete -types over  is denoted by .
The algebraic closure  of a set  is the union of all -definable finite sets. Equivalently,



The definable closure  of a set  is the union of all -definable singleton sets (i.e. sets of cardinality ). Equivalently,
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The following notations and abbreviations are used in this dissertation:
[bookmark: GrindEQpgref5bf25aa83]
	
	 a first-order language

	
	sets of constant, function, and relation symbols of 

	
	arity of a function/relation symbol

	
	-structures (models)

	
	domains (universes) of 

	
	a (finite) tuple of variables, 

	
	 holds in  (the tuple  satisfies  in )

	
	 is a consequence of 

	
	complete theory of 

	
	atomic diagram of 

	
	 and  are isomorphic

	
	automorphism group of 

	
	 and  are elementarily equivalent

	
	 is a substructure of 

	
	 is an elementary substructure of 

	
	space of complete -types over 

	
	(complete) types over a theory 

	
	number of non-isomorphic models of  of cardinality 

	
	first infinite ordinal / cardinality of 

	
	Rudin–Keisler preorder

	
	Rudin–Keisler equivalence

	M, M
	(almost) prime models over realizations of types 

	
	 and  are incomparable (in a partial order)

	
	the greatest lower bound of a set 

	
	the least upper bound of a set 

	
	the join operation

	
	the meet operation

	
	the restriction of a map/function  to a set 

	
	equivalence relation / equivalence class above 

	
	the algebraic closure of a set 

	
	the definable closure of a set 
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Actuality of the research theme. Totally ordered structures are one of the most classical mathematical structures. The first class of ordered structures that appeared in Model Theory was the class of o-minimal structures. A totally ordered structure is called o-minimal if every definable subset of its universe is a finite union of intervals and points. This classical idea first appeared in the work of L. Van den Dries [5] for expansions of real closed fields, especially, for expansions of , and was later formulated in a general model-theoretic form by A. Pillay and C. Steinhorn [6].
The study of o-minimality has produced a rich theory; a series of generalizations appeared: weak o-minimality [7, 8], quasi-o-minimality [9], -minimality [10], and weak quasi-o-minimality [11]. Note that the authors of these variants of o-minimality also proved that the corresponding theories do not have the independence property (NIP). Also, the problem for o-minimal theories of small extensions (i.e., extensions that omit a fixed family of types) was studied in [12], strengthening earlier results of D. Marker [13]. Additionally, o-minimal linearly ordered groups and rings were considered, and such groups are abelian and divisible [6]. Similar results were proved for weakly o-minimal groups in [8], for quasi-o-minimal groups in [9], and for weakly quasi-o-minimal groups in [11]. Moreover, D. Macpherson, D. Marker, and C. Steinhorn [8] showed that unary definable functions in weakly o-minimal theories are locally monotone and continuous. R. Arefiev generalized this result to the class of weakly o-minimal structures [14]. A finer description of unary definable functions was made by V. Verbovskiy by means of notion of the depth of a function in [15]. Later, J. Goodrick [16] proved that definable unary functions in inp-minimal densely ordered groups are piecewise continuous. Note that the inp-minimal ordered structures form a generalization of the ordered structure with weakly o-minimal theory.
All these notions were first made for linearly ordered structures. The main idea is that definable sets are Boolean combinations of simple sets. There were attempts to apply this general idea to partially ordered structures. The first paper on o-minimality for partially ordered sets was written by Carlo Toffalori [17]. He defined a partially ordered structure to be o-minimal if each of its definable subsets over some set  is a finite Boolean combination of sets of the form  or , where  and  are in the algebraic closure of .
The standard definition of o-minimality for totally ordered structures does not work for partially ordered structures for the following reasons: in a totally ordered structure, the complement of an interval is the union of at most two intervals, but in a partial order this need not be true. Therefore, Toffalori proposed to use a Boolean combination of intervals instead of finite unions of intervals. As we know, all other concepts of o-minimality and weak o-minimality of partially ordered structures are based on this definition, for example, [18]. However, using complements of intervals in the definition raises certain problems due to the fact that it is completely unknown how the complement of an interval can be structured.
Kanat Kudaibergenov [19] generalized notion of weak o-minimality to the class of partially ordered structures. A partially ordered structure is called weakly o-minimal if every definable subset is a Boolean combination of convex sets. Here, a subset  of a partially ordered set  is said to be convex if for any elements  and  of  with  each element  of  satisfying  belongs to . Moreover, as in the case of ordered structures, more general approaches based on convexity relations were proposed for partially ordered structures: (weak, quasi-) o-minimality [19], (weak, quasi-) multi-o-minimality, (weak, quasi-) multi--minimality [20]. Partial orders were also studied by B. S. Kulpeshov, S. V. Sudoplatov, and D. Y. Emelyanov [21, 22].
However, K. Z. Kudaibergenov’s approach leads to the following problem: it is possible to define infinite antichains, but any subset of an antichain is convex regarding the above definition. In this situation, we should either consider partial orders of finite width [19], or accept that the class of weak o-minimal structures can contain any expansions of a structure with a trivial partial order (i.e., the partial order coincides with equality). To avoid this, in their joint work V. V. Verbovskiy and S. V. Sudoplatov [23] introduced several new versions of weak o-minimality for partially ordered structures. In [23], they also proposed to modify the notion of a convex set: instead of the convex subsets, they take as basic sets the infinite intersections or unions of nested intervals. This modification then led to the idea of using such intersections or unions of nested intervals as “generalized intervals” in a partially ordered set.
It is important to note that, for o-minimal theories, the countable spectrum  (the number of non-isomorphic countable models) coincides with the countable spectrum of constant expansions of the dense linear order , as follows from the paper by Laura Mayer [24]. This proves Vaught’s conjecture, which states that there is no complete countable theory  for which the number of its countable models (up to isomorphism) satisfies the inequalities . Vaught [25] also proved that the number of countable non-isomorphic models cannot be equal to two. The conjecture was later proved for quite o-minimal theories by Sergey Sudoplatov and Beibut Kulpeshov [26, 27], and similar results were obtained for weakly o-minimal theories in [28, 29].
In L. Mayer’s work [24], the key object, namely, a dense linear order with constant expansion, is a standard example of an Ehrenfeucht theory, which has exactly three non-isomorphic countable models. By Ehrenfeucht theories, we mean theories with more than one but only finitely many non-isomorphic countable models. Note that the proof by L. Mayer is based on the properties of definable functions, including piecewise monotonicity and continuity of unary definable functions in o-minimal structures.
Andrzej Ehrenfeucht had constructed his example of a theory with three non-isomorphic countable models. This area of model theory, called the theory of Ehrenfeucht theories, has become one of the most important directions in Model Theory. One of the main problems here is the construction of new Ehrenfeucht theories that are not based on a dense linear order. One of the first such examples was constructed by M. Peretyatkin in [30], where he considered a partially densely ordered set, the so-called Dense Meet Tree [31], abbreviated DMT, expanded by a countable sequence of increasing constants. Peretyatkin showed that this theory has exactly three countable non-isomorphic models.
An important contribution to the general theory of Ehrenfeucht theories and to the classification of complete theories with finitely many countable models was made by S. V. Sudoplatov. In a series of works he developed a uniform approach to complete theories with finitely many countable models, based on the Rudin–Keisler preorder on types and models and on distribution functions for the numbers of limit models [32, 33]. In particular, he solved Lachlan’s problem by constructing a stable Ehrenfeucht theory [34, 35], and later described the distribution of countable models for disjoint unions of Ehrenfeucht theories [36, 37]. These results show that powerful types and Rudin–Keisler preorders play a central role in the study of spectra of small theories and provide a natural framework for analyzing constant and predicate expansions of the dense meet-tree theory and related structures.
Of special interest is to generalize this structure by extending with finite families of constant sequences, including decreasing sequences, and by adding unary predicates with finite realizations. In each such case, we want to compute the possible values of . This raises a natural question: does the same pattern hold for o-minimal expansions of partially ordered structures, in particular for the Dense Meet Tree (DMT)? To answer this, we first need a clear and workable definition of o-minimality in the context of partial orders. In this dissertation we develop such a notion of o-minimality for expansions of the Dense Meet Tree in terms of generalized intervals and describe the corresponding countable spectra for a wide class of constant and unary predicate expansions.
The aims and objectives of the study. The work is devoted to the study of the countable spectrum and definable sets of linearly and partially ordered structures, in particular, of the theory of a dense meet-tree and its expansions by constants and unary predicates, as well as to o-minimal and o-stable phenomena in related ordered structures. The main aims of the dissertation are:
1. To describe the possible numbers and distributions of countable models of constant and unary predicate expansions of the dense meet-tree theory, including the numbers of prime and limit models and the structure of the Rudin–Keisler preorder on almost prime models.
2. To develop and justify a notion of o-minimality for expansions of a dense meet-tree, based on the concept of generalized intervals, and to construct non-trivial o-minimal expansions of this partial order.
3. To analyze definable unary functions in o-stable ordered groups of nonvaluational type and to relate their behavior (piecewise monotonicity and continuity) to the general picture of tame ordered structures.
To achieve these aims, the following objectives are pursued:
1. To study constant expansions of the dense meet-tree by different configurations of increasing and decreasing sequences of constants and to compute the exact number of countable models and prime models in each case.
2. To extend this classification to expansions by unary predicates with finite realizations and to describe the corresponding Rudin–Keisler preorders.
3. To introduce the notion of a generalized interval in a dense meet-tree and to prove that in o-minimal expansions every definable subset is a finite union of generalized intervals and points.
4. To construct explicit examples of o-minimal expansions of the dense meet-tree in the new sense and to show that this notion is non-trivial.
5. To prove that unary functions definable in o-stable ordered Abelian groups of nonvaluational type are piecewise monotone and continuous, and to relate this result to the general framework of weak and o-minimality.

The main provisions for the defense of the dissertation:
1. The countable spectrum of constant expansions by one increasing and several decreasing sequences of constants are classified. For any countable expansion of the dense meet-tree theory by one increasing sequence and  pairwise incomparable decreasing sequences of constants, the exact number of countable models is obtained: the theory has  countable models, among which  are prime models and the remaining ones are limit models. The Rudin–Keisler preorder on almost prime models is isomorphic to the Boolean algebra of subsets of an -element set. More general constant expansions with several independent increasing sequences are also classified. For a countable constant expansion with several pairwise incomparable increasing sequences, where each such sequence has finitely many decreasing sequences above it, explicit product formulas are obtained for the number of countable models and for the number of prime models. These theories decompose into a finite disjoint union of basic Ehrenfeucht components, which explains their spectra in terms of the corresponding components.
2. The countable spectrum of expansions of the dense meet-tree by unary predicates with finite realizations is studied. For such expansions, all possible numbers of countable models are computed. The numbers of prime and limit models are determined, and their distributions are described using the Rudin–Keisler preorder.
3. A model-theoretic description of definable sets in dense meet-tree expansions is obtained. Using the -basedness and quantifier elimination for the dense meet-tree theory, definable subsets are described by combinatorial conditions of comparability and the existence of bounds in the tree. This description is used for the study of Ehrenfeucht expansions and for o-minimality results. A new notion of o-minimality for dense meet-tree expansions is introduced using generalized intervals. It is proved that an expansion of a dense meet-tree is o-minimal (in the new sense) if and only if every definable subset is a finite union of generalized intervals and points.
4. Non-trivial examples of o-minimal expansions of the dense meet-tree are constructed. Several explicit expansions are shown to be o-minimal in the new sense, so the proposed notion gives a rich family of structures.
5. Unary definable functions in o-stable ordered Abelian groups of nonvaluational type are tame. In an o-stable linearly ordered Abelian group of nonvaluational type every definable unary function is shown to be piecewise monotone and piecewise continuous. This result connects the o-stable framework with classical monotonicity phenomena in weakly o-minimal and dp-minimal ordered structures and complements the study of o-minimality for dense meet-trees.
The objects of research are complete theories of ordered structures including small theories, in particular, the theory of a dense meet-tree and its countable expansions by constants and unary predicates with finite realizations, as well as o-stable linearly ordered Abelian groups of nonvaluational type.
The research subjects are countable models of these small theories, their number up to isomorphism, and the distribution of prime and limit models; the Rudin–Keisler preorder on (almost) prime models and its combinatorial structure; one-variable definable subsets in dense meet-tree expansions and their representation as finite unions of generalized intervals and points; and unary definable functions in o-stable ordered groups, including their monotonicity and continuity properties.
Research methods are based on modern model theory of small and o-stable theories. The dissertation uses general methods for classification of countable models of complete theories, including the study of prime, almost prime and limit models and the Rudin–Keisler preorder on types and models. Methods from the theory of Ehrenfeucht theories and powerful types are applied to control the existence and the number of countable models in expansions by constants and unary predicates. The -basedness and quantifier elimination for the dense meet-tree theory are used to describe definable sets and types by quantifier-free conditions and combinatorial properties of the partial order. The notion of o-minimality for dense meet-tree expansions is studied using generalized intervals and convexity-type notions in partially ordered sets. Finally, methods from the theory of o-stable ordered groups, including definable cuts, convex subsets and definable topologies, are used to prove piecewise monotonicity and piecewise continuity for unary definable functions.
Novelty of the dissertation research. The problem of describing countable spectra of dependent theories is important in modern model theory. However, for partially ordered structures it has been studied much less than for dense linear orders. In particular, expansions of the dense meet-tree theory by several increasing and decreasing sequences of constants and by unary predicates with finite realizations have not been previously studied in detail with respect to the number and distribution of countable models. Another new part of the dissertation is a model-theoretic notion of o-minimality for dense meet-tree expansions based on generalized intervals. It transfers the usual o-minimal ideas from linear orders to a partially ordered setting and gives a new way to describe definable sets in such expansions. All results in this theses are new. 
Theoretical and practical significance of the research. The theoretical significance of the work is that it develops the theory of partially ordered structures and gives new examples of Ehrenfeucht theories that are not based on dense linear orders. The classification of countable models for constant and unary predicate expansions of the dense meet-tree produces families of theories with explicitly described countable spectra and Rudin–Keisler preorders. These results extend the collection of known examples and help to analyze general conjectures on countable spectra.
The dissertation introduces a notion of o-minimality for expansions of a dense meet-tree and provides examples. This makes it possible to apply ideas of o-minimality from linearly ordered structures to partially ordered structures, and connects this direction with o-stable groups through results on definable functions.
From a practical point of view (within pure mathematics), the methods and results of the dissertation can be used to study definable sets and countable models in other ordered and algebraic structures, for example, ordered groups, rings, and fields with additional partial orders or predicates. They give useful tools for constructing and analyzing tame expansions with controlled spectra.
Connection of the dissertation thesis with other scientific research projects. The dissertation research is connected with the implementation of the following grant-funded scientific projects of the Committee of Science of the Ministry of Science and Higher Education of the Republic of Kazakhstan, in which the author participated as a researcher:
– project AP08855544 “Structural properties of almost -categorical ordered theories” (2020–2022);
– project AP23484665 “Properties of ordered structures with an o-stable theory and its variants” (2024–2026).
The results obtained in the dissertation are logically related to the research carried out within these projects and develop it in the direction of studying countable spectra and definable sets in ordered structures, including dense meet-trees and their expansions.
The work approbation. Results of the work were presented and discussed at the following conferences and seminars:
– Logic Colloquium 2021: European Summer Meeting of the Association for Symbolic Logic, Poznan, Poland, 2021.
– Erlagol-2021: 14th International Summer School-Conference “Problems Allied to Universal Algebra and Model Theory” on the occasion of the 75th birhtday of Professor Bruno Poizat, Novosibirsk, Russia, 2021;
– International April Mathematical Conference in honor of the Science Day of the Republic of Kazakhstan, Almaty, Kazakhstan, 2024;
– Syntax and Semantics of Logical Systems: 8th All-Russian Conference dedicated to the memory of I.K. Sharankhaev. Arshan, Republic of Buryatia, 2024;
– International Conference “Mal’tsev Meeting-2024”, Novosibirsk, Russia, 2024;
– “Traditional international April mathematical conference in honor of the Science Day of the Republic of Kazakhstan, Almaty, Kazakhstan, 2025;
– Scientific joint seminar on Model Theory of the Sobolev Institute of Mathematics, (Novosibirsk, Russia) and Institute of Mathematics and Mathematical Modeling (Almaty, Kazakhstan).
Publications. The dissertation resulted in 11 publications: 5 journal articles (3 in Scopus-indexed journals and 2 in journals recommended by the Committee for Control in Education and Science of the Ministry of Education and Science of the Republic of Kazakhstan) and 6 conference abstracts in proceedings of international scientific conferences. List of publications related to the topic of the dissertation:
· Verbovskiy V. V., Dauletiyarova A. B. Piecewise monotonicity for unary functions in o-stable groups // Algebra and Logic. — 2021. — Vol. 60, No. 1. — P. 15–26.
· Dauletiyarova A. B. On distributions of countable models for constant expansions of the dense meet-tree theory. I. // Herald of the Kazakh-British Technical University. — 2022. —Vol. 19, No. 4. — P. 27–33.
· Dauletiyarova A. B., Verbovskiy V. V. On the number of countable models of constant and unary predicates expansions of the dense meet-tree theory // Siberian Electronic Mathematical Reports. — 2024. — Vol. 21, No. 2. — P. 755–770.
· Dauletiyarova A. B. On o-minimality for expansions of a dense meet-tree // Journal of Mathematics, Mechanics and Computer Science. — 2025. —Vol. 126, No. 2. — P. 59–68.
· Verbovsky V. V., Dauletiyarova A. B. Examples of o-minimal expansions of the dense meet-tree. Herald of the Kazakh-British Technical University. — 2025. —Vol. 22, No. 2. — P. 260–266. (In Russ.)
· Dauletiyarova A., Verbovskiy V. On local monotonicity of unary functions definable in o-stable ordered groups // Logic Colloquium 2021: Book of Abstracts, European Summer Meeting of the Association for Symbolic Logic. Poznan, Poland. — 2021. — P. 201.
· Dauletiyarova A. B., Sudoplatov S. V. Some Expansions of Theories with Dense Orders and Given Numbers of Countable Models // Algebra and Model Theory. — 2021. — P. 63–68.
· Dauletiyarova A. B., Verbovskiy V. V. On the Number of Countable Models of Constant and Unary Predicates Expansions of the Dense Meet-Tree Theory // Collection of Abstracts of the Traditional International April Mathematical Scientific Conference. Almaty. — 2024. — P. 238–239.
· Verbovskiy V. V., Dauletiyarova A. B. On Expansions of the Dense Meet-Tree and the Number of Countable Models // Syntax and Semantics of Logical Systems: Proceedings of the 8th All-Russian Conference in Memory of I. K. Sharankhaev. Arshan, Republic of Buryatia. — 2024. — P. 24.
· Verbovskiy V. V., Dauletiyarova A. B. On the Notion of o-Minimality for Partial Orders: The Case of a Dense Meet-Tree // Book of Abstracts of the International Conference “Malcev Readings”. Novosibirsk. — 2024. — P. 239.
· Dauletiyarova A. B., Verbovskiy V. V. On o-Minimality of the Cartesian Square of the Ordered Set of Rationals as a Lattice // Collection of Abstracts of the Traditional International April Mathematical Scientific Conference. Almaty. — 2025. — P. 264.
Volume and structure of the dissertation. The work includes the title page, contents, normative references, definitions, notations and abbreviations, introduction, 5 sections, conclusion and references. Total volume of the dissertation is 73 pages, the work contains 8 illustrations and 56 literature references.
Main content of the dissertation. The introduction includes the relevance of the research topic, the aims and objectives, the main statements submitted for defense, the object and subject of the research, the methods, the novelty, the theoretical and practical significance, the connection with other research projects, the approbation of the results, the author’s publications, and the volume, structure and content of the dissertation.
Section 1 gives preliminary information and introduces the basic tools that are used throughout the dissertation.
Section 2 is devoted to the dense meet-tree theory (DMT). It recalls necessary notions on partial orders and lattices, proves -categoricity and completeness of DMT, and discusses -basedness/quantifier elimination together with several natural expansions of dense ordered frameworks.
Section 3 investigates the number of countable models of DMT expansions. It classifies constant expansions of the dense meet-tree theory and studies expansions by unary predicates with finite realizations, computing the corresponding countable spectra and describing the distribution of prime and limit models via the Rudin–Keisler preorder.
Section 4 develops a notion of o-minimality for expansions of a dense meet-tree in terms of generalized intervals. It provides a description of definable subsets in this setting and proves that an expansion is o-minimal precisely when every definable subset is a finite union of generalized intervals and points; it also constructs explicit non-trivial examples of such o-minimal expansions.
Section 5 is devoted to unary definable functions in o-stable densely ordered Abelian groups of nonvaluational type. It proves that every definable unary function is piecewise continuous and piecewise monotone, establishing a monotonicity-type phenomenon in the o-stable setting.
The conclusion summarizes and systematizes the main results obtained in the dissertation.
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In this section, we present notions, definitions and theorems necessary for establishing our main results and their proofs. We also focus on the basic concepts of model theory and the principal methods applied in this area of mathematical logic.

[bookmark: _Toc221514744][bookmark: ehrenfeucht-theories]1.1 Ehrenfeucht theories

Given an -structure , we denote



For a complete theory  and an infinite cardinal , we denote by  the number of pairwise non-isomorphic models of  of the power .
Definition 1.1.1 [49] A theory  is Ehrenfeucht if .
Definition 1.1.2 [50] A type  is called powerful in a theory  if every model  realizing  also realizes every type ; equivalently,



Powerful types, which always occur in Ehrenfeucht theories [50], play an important role in counting countable models. If a complete theory  has no powerful type, then  has infinitely many countable models. Indeed, choose a type . Since  is not powerful, there exist a type  and a countable model  of  such that  realizes  and omits . Again, since  is not powerful, there exist a type  and a countable model  realizing  and omitting , and so on. Thus, we obtain infinitely many countable models (in fact, infinitely many non-isomorphic ones).
Lemma 1.1.1 [50] Every Ehrenfeucht theory  has a powerful type.
Since for any type  there exists a countable model of  realizing , and every countable model realizes only countably many types, the existence of a powerful type implies that  is small, i.e.,  is countable.
A model  is prime over a type  if there exists a tuple  such that  realizes  and  is prime over . We denote a prime model over a type  by .
A model  is almost prime if it is prime over a realization of some type. If a model is not almost prime, we call it a limit model.
Theorem 1.1.1 [1, P. 158] .
The Vaught conjecture states that for any countable complete theory  one cannot have



In particular, it predicts that if , then .

[bookmark: _Toc221514745][bookmark: rudinkeisler-preorders]1.2 Rudin–Keisler preorders

Definition 1.2.1 [35, P. 33] Let . We say that  does not exceed  in the Rudin–Keisler preorder, and write , if every model  realizing  also realizes .
Equivalently,  iff there exists a formula  such that  is consistent and



If , then , hence some copy of  is elementarily embeddable into . We write  in this case.
Definition 1.2.2 [35, P. 33] Types  and  are Rudin–Keisler equivalent, written , if  and . We write  for the corresponding almost prime models.
We recall a classical Ehrenfeucht example and describe its Rudin–Keisler preorder. Let , and let



Put .
Consider the (non-isolated) -type



This type describes an element lying strictly above all constants. It is powerful, and the prime model over a realization of  is an almost prime model.
Theorem 1.2.1 [35, P. 49] The theory  has exactly three non-isomorphic countable models. They are:
1. the prime model, in which the type  is omitted;
1. the prime model over a realization of , in which the set of realizations of  has a least element;
1. a limit model over , in which the set of realizations of  has no least element.
Moreover, the Rudin–Keisler preorder on almost prime models has two elements: the prime model and , and  dominates all types of .






[bookmark: _Toc221514746][bookmark: X1c4d90feef1644d87f650ef864f50471bd89232]1.3 Ehrenfeucht theories on dense orders and o-minimality

Definition 1.3.1 [35, P.36] Denote by  the set  of isomorphism types of models , , on which the relation of domination is induced by , i.e. the relation deciding domination among . Thus,



We say that isomorphism types  are domination-equivalent (written ) if so, are their representatives.
Clearly, the preordered set  has the least element, namely, the isomorphism type of a prime model.
Recall (see, [6]) that a linearly ordered structure  is o-minimal if for every first-order formula  (with parameters  from ) the definable set



is a finite union of singletons and open intervals , where  and . A complete theory  is o-minimal if every model of  is o-minimal.
As basic examples of o-minimal Ehrenfeucht theories, consider constant expansions of the dense linear order . Let



where  is the usual dense order without endpoints, the constants  form a strictly increasing sequence, the constants  form a strictly decreasing sequence, and for all  we have . It is well known that  is Ehrenfeucht’s classical example with , and  has  pairwise non-isomorphic countable models (see, [35, P. 49]).
Following [35, P. 49], we say that small theories  and  are characteristically equivalent (and write ) if
1. the Rudin–Keisler structures  and  are isomorphic, and
1. under the induced correspondence between isomorphism types of almost prime models, the distribution function  (counting limit models over almost prime ones) for  is transformed to the distribution function for .
We also recall the construction of disjoint unions of structures and theories (see [51]). The disjoint union  of pairwise disjoint structures  for pairwise disjoint predicate languages , , is the structure of language



with the universe  , and interpretations of predicate symbols in  coinciding with their interpretations in , .
The disjoint union of theories  for pairwise disjoint languages  accordingly, , is the theory



Obviously, the theory  does not depend on the choice of models , .
The following statement is a reformulation of a theorem of L. Mayer (see [24]).

[bookmark: thm:Mayer_omin_Ehr]Theorem 1.3.1 [35, P. 50] Let  be an o-minimal Ehrenfeucht theory. Then every model of  is densely ordered except, possibly, for finitely many elements having immediate successors or predecessors, and these exceptional elements lie in the definable closure of empty set.
Moreover,  is characteristically equivalent to a finite disjoint union of theories of the forms  and , i.e.  where each  is similar to  and each  is similar to . Consequently, 
Theorem 1.3.1 gives a structural description of countable models of Ehrenfeucht theories arising as constant expansions of dense linearly ordered sets. Constant expansions of dense meet-trees extend the range of characteristic representations beyond the o-minimal situation discussed above.


[bookmark: _Toc221514747]2 DENSE MEET-TREE THEORY

[bookmark: _Toc221514748][bookmark: introduction-to-partial-ordering]2.1 Introduction to partial ordering

Let  be a structure with one binary relational symbol . As usual, we say that  is a partial order if this relation is reflexive, antisymmetric, and transitive, that is, it satisfies the following properties:
1. Reflexivity: 
1. Antisymmetry: 
1. Transitivity: 
In this case, we call  a partially ordered set, or a poset, for short.
If in addition  satisfies



we say that  is a total order, or a linear order, and we call  a totally (linearly) ordered set.
Given a partially ordered set , we introduce the following standard notions.
Definition 2.1.1 Let . An element  is called an upper bound of  if


Definition 2.1.2 Let . An element  is called a lower bound of  if



Definition 2.1.3 An element  is called the least upper bound (or supremum) of  if
1.  is an upper bound of , and
1. for every upper bound  of , we have .
We write in this case that .
Definition 2.1.4 An element  is called the greatest lower bound (or infimum) of  if
1.  is a lower bound of , and
1. for every lower bound  of , we have .
We write in this case that .
Definition 2.1.5 A partially ordered set  is called a lattice if every pair of elements  has both a least upper bound (denoted ) and a greatest lower bound (denoted ).
Definition 2.1.6 A lattice  is called distributive if the following identities hold for all :

Definition 2.1.7 A Boolean algebra is a distributive lattice  with least element  and greatest element  such that for every  there exists an element  (called the complement of ) satisfying



We can replace  with , where . Then  is a strict partially ordered set if  is an asymmetric and transitive, that is, satisfies the following properties:
1. Asymmetry: 
1. Transitivity: 
An easy exercise is the following. A binary relation is asymmetric if and only if it is irreflexive and antisymmetric. We give a proof of this simple fact. Assume  is asymmetric. If for some  we had , then by asymmetry , a contradiction; hence , so  is irreflexive. Moreover, asymmetry implies that whenever  holds we have , so the conjunction  is never true for any  (in fact never true even for ). Therefore, the implication  holds vacuously for all , and  is antisymmetric. Now assume  is irreflexive and antisymmetric. Take arbitrary  and suppose . We must show . Assume, towards a contradiction, that  also holds. Then , so by antisymmetry . But then  holds, contradicting irreflexivity. Thus , and since  were arbitrary we obtain , i.e.,  is asymmetric.

[bookmark: _Toc221514749][bookmark: X1a8c78b7853d0172fff2fe3f70fcca0c5f7012f]2.2 On -categoricity of the dense meet-tree theory

We recall the notion of countable categoricity and then state the -categoricity of the dense meet-tree theory (DMT). A key reason to include this result is that it provides strong uniformity of types over , which will be used later in the analysis of countable spectra of expansions.
Definition 2.2.1 [1, P.40]   Let  be a first-order theory and let  be a cardinal. We say that  is -categorical if any two models of  of cardinality  are isomorphic.
Definition 2.2.2 A complete first-order theory  in a countable language is called -categorical if all its countable models are isomorphic.
[bookmark: thm:RNES]Theorem 2.2.1 (Ryll–Nardzewski–Engeler–Svenonius).  For a complete first-order theory  in a countable language, the following are equivalent:
1.  is -categorical;
1. for every , the set  of -types over  is finite.
So, we give the axioms of DMT. A dense meet-tree  is a lower semilattice (that is, for each elements  and  there exists their greatest lower bound, which we denote by  and call the meet of  and ) without the least and greatest elements such that:
(a) for each pair of incomparable elements, their join does not exist;
(b) for each pair of distinct comparable elements, there is an element between them;
(c) for each element  there exist infinitely many pairwise incomparable elements greater than , whose infimum is equal to .
For  we write  if  and , where  is defined by .
To prove -categoricity we use a back-and-forth argument. We first define partial isomorphisms in the language .
Definition 2.2.3 [39, P. 28] Let  and  be two -structure of a dense meet-tree. A function  with  a finite subset of  and  a finite subset of  is called a partial isomorphism if



holds for every atomic -formula .
[bookmark: pis]Lemma 2. [39, P. 29] Let  be a partial isomorphism between two models  and  of DMT, where  and  be subsets with cardinality . Then, for any  there is  such that
 


is also a partial isomorphism with .
Proof. We choose an element  with the minimal index and we put that



where  is some ordering of the set . Suppose that  for ,  for  and  for  such that



where . Then since  and  we have the following



It can be seen that  are comparable with each other and they are less than , consequently, there is a maximal element among them, say . By construction, we have  and



Now to find  we reduce our proof to the consideration of eight cases.
Case (i): , , . We want to show that there exists such  and



when .
By the fact that there is no minimal element there exists , for every  such that  for . Since , so  are comparable to each other and among them there is a maximal element, say, . Let an element . Then  for each  and  for every .
Now we prove that . For this, we assume that , then since  we have  which contradicts , and therefore we obtain  .
Case (ii): . By the fact that  is maximal element among  we have



Since , it is clear that , and  for every index  follows from axiom (c), as there exist infinitely many incomparable elements  which greater than , that is, . Then one of  will be incomparable with .
Case (iii): , , . In this case, we will take .
Case (iv): , , . In this case, , for each . Let , . Then we have  and , where . As in the Case (ii), we find .
Case (v): , , . Similar to Cases (ii) and (iii).
Case (vi): , , . Similar to Cases (ii) and (iii).
Case (vii): , , . Note that  is maximal element among , 

Here we take  with the condition that their intersection is empty. Also, taking  is equivalent to taking  and . Then we rewrite our expression as follows



Let us denote . It can be seen that . Now, we consider each case separately to find :
1. if  then .
2. if  then



By the axiom (b) there is , where . Besides, we will take  as the meet , . Since , then they are comparable to each other and among them there is a maximal element, say . By using the fact that  and , we take , more precisely, we take . Hence,  for every , .
It remains to prove that  for every . Assume the contrary, that . Since  we obtain . This contradiction shows that .
In the next case, we also assume the contrary, that . Using , together with the given fact that  we will obtain that  and  are comparable, that is,  or . This would contradict our assumption, because if we take  then  and , but ; if we take , this implies that  and , consequently,  and  are comparable.
Case (viii): , , . Since it is impossible, we do not consider this case.
Thus, in each case we have found  in the set , and this completes our proof. 

[bookmark: Per]Theorem 2.2.2 (M. Peretyat’kin, [30]).  The theory DMT of dense meet-trees is -categorical.
Proof. Let  and  be two -structure of the dense meet-tree theory. Since they are dense,  and  must both be infinite. Fix some enumerations  of  and  of . We will build an isomorphism  inductively, by extending increasing sequence of partial isomorphisms  from some subset of  to  such that  belongs to the domain of  and  belongs to the codomain of .
We start  being the empty function, namely  is an isomorphism between the empty substructure of  and the empty substructure of . So, suppose we inductively have constructed  and we are going to construct . If  is even, then we apply Lemma 2.2.1 on  and  to construct a partial isomorphism  which extends  and whose domain includes  (this is the forth in back and forth.)
In the back part, the odd stages of the construction are handled in the same way, with the roles of  and  reversed, that is, if  is odd, then we consider , which is a partial isomorphism from some finite subset of  to some finite subset of . So, by Lemma 1.1.1 there is a partial isomorphism  whose domain includes both  and the image of . Then we put , which is a partial isomorphism. Therefore,  will be desired isomorphism between  and .
 
Theorem 2.2.2 immediately implies:
Corollary 1. [39, P. 32] The theory DMT of dense meet-tree is complete.
Proof. If  and  are countable models of , then by Theorem 2.2.2 we have , hence . Therefore, any sentence has the same truth value in all models of , i.e.,  is complete. 

By Lemma 2.2.1 theories of dense meet-tree admit the quantifier elimination since complete types are forced by collections of quantifier free formulas. Moreover, the theory of a dense meet-tree is finitely axiomatizable.

[bookmark: _Toc221514750][bookmark: Xcec8b59fe0642938835538b4ce1f3da544a241b]2.3 Some expansions of theories with dense orders

We consider some possibilities of expansions  of the theory  of a dense partial order with finitely many maximal chains, and of the theory  of a dense meet-tree . Some expansions of these theories produce classical examples of Ehrenfeucht theories [25, 36]; see also [35, Examples 1.1.1.3, 1.1.1.4].
Definition 2.3.1 [52] A theory  is said to be -based, where  is some set of formulae without parameters, if any formula of  is equivalent in  to a Boolean combination of formulae in .
For -based theories , it is also said that  has quantifier elimination or quantifier reduction up to .
Definition 2.3.2 [35, 52] Let  be a set of formulae of a theory , and  a type of  lying in . The type  is said to be -based if  is isolated by a set of formulas , where , .
The following lemma, being a corollary of Compactness Theorem [1, P. 34], noticed in [52].
Lemma 2.3.1 A theory  is -based if and only if, for any tuple  of any (some) weakly saturated model of , the type  is -based.
The following fact is well-known using Lemma.
Fact. Theories  and  are based by the set of quantifier-free formulae and formulae describing non/existence of least/greatest elements and in/comparability of elements.
Theorem 2.3.1 [44, P. 65] Let  be an expansion of  or  by countably many disjoint convex nonempty unary predicates , . The following conditions are equivalent:
  is Ehrenfeucht;
  has finitely many nonisolated -types.
Proof. At first, we notice that by the Fact and the condition on unary predicates  the theory  is based by by the set of quantifier-free formulae and formulae describing non/existence of least/greatest elements and of the formulae , .
It  has finitely many nonisolated -types , then the sets of realizations of these -types in a model  are formed by accumulation points with respect to definable sets  such that each  has 3 or 6 possibilities for countable models up to isomorphism, as in [24, 26, 27]. Collecting these independent finite possibilities, we obtain  countable models, for , , as in [24, 26, 27, 36], implying that  is Ehrenfeucht.
Conversely, if  has infinitely many nonisolated -types, then by the described basedness we can independently realize and omit these -types producing  countable models. 

Applying the arguments for the proof of Theorem 1, we obtain:
Theorem 2.3.2 [44, P. 66] Let  be an expansion of  or  by countably many disjoint convex nonempty unary predicates , . The following conditions are equivalent:
 ;
  has infinitely many nonisolated -types.
Replacing predicates  by constants  we obtain the following theorems characterizing Ehrenfeuchtness and the maximal number of countable models for a theory in both in topological and syntactic terms.
Theorem 2.3.3 [44, P. 66] Let  be an expansion of  or  by countably many distinct constants , . The following conditions are equivalent:
  is Ehrenfeucht;
 the set  has finitely many accumulation points in a saturated model of ;
  has finitely many nonisolated -types.
Theorem 2.3.4 [44, P. 66] Let  be an expansion of  or  by countably many distinct constants , . The following conditions are equivalent:
 ;
 the set  has infinitely many accumulation points in a saturated model of ;
  has infinitely many nonisolated -types.

Theorems 1–4 confirm the Vaught conjecture for special expansions of  and .
Corollary 2.3.1 [44, P. 66] Let  be an expansion of  or  by countably many disjoint convex unary predicates or by countably many constants. Then either  is Ehrenfeucht or .
Remark. For expansions of dense linear orders and their finite disjoint unions the results above hold by [26, 27, 28, 36]. Using [26, 28] they can be spread for partial ordering analogues of quite o-minimal and weakly o-minimal theories admitting the description of distributions of countable models similar to [27, 35, 36].


[bookmark: _Toc221514751]3 ON THE NUMBER OF COUNTABLE MODELS OF THE DENSE MEET-TREE THEORY

[bookmark: _Toc221514752][bookmark: constant-expansions-of-the-dmt-theory]3.1 Constant expansions of the DMT theory

In this section, we expand  with the signature  by countable sequences of constants and
find all possible values  for these expansions .
Let us extend  to  by constants , , and extend the theory  to , so that constants , , form a strictly increasing sequence. In this case, the signature of  is  and



Note that the theory  was constructed by Peretyat’kin in [30], where he proved that it is Ehrenfeucht, namely,  has exactly three countable models: the prime model, the saturated model, and the prime model over the realization of the powerful type , isolated by the set of formulas . In Figure 1, we illustrate all possible realizations of the type  (a.) and represent the Hasse diagram of Rudin-Keisler preorder  on the set of countable models (up to isomorphisms) of  (b.). Here, from left to right: a prime model, where there is no element greater than all , a prime model, where among the elements of large  there is the smallest element, and a limit model where among the elements of large  there is no smallest element (a.); RK() is a linear order of two elements. In Hasse diagrams, we draw the realization of prime models over a certain set of formulas using the character  based on the Rudin-Keisler preorder  on the models. The circled circle  above the  means the possibility of realization of limit models over these sets of formulas. It should be noted here that the total number of characters  is the total number of prime models, and the numbers next to  mean the number of limit models (b.).

	[image: ]

	Figure 1 – Realizations of  (a.); Hasse diagram of  (b.)



Now we construct a theory . To do this, we expand  with a strictly decreasing sequence of constants , . We put  and


It is straightforward to show that there exist exactly two non-principal -types over an empty set in :



and



Here,  and .
We can write three completions of . They are defined by the following sets of formulas:



The reason for the existence of exactly three types involving two variables is the following: due to the quantifier elimination result and obvious logical equivalences of negation of these formulas, there exist just 4 formulas in two variables: , , , and . Note that here the types  and  are the same up to a permutation of variables, the type  is logically equivalent to , and, as it is easy to check that  is inconsistent. Indeed, let a tuple  . Then both  and  are less than . By Axiom 1 of  the elements  and  are comparable, for a contradiction.
Similarly, there are two completions of . They are defined by the following sets of formulas:



Remark. It holds that . Indeed, let . By Axiom 3 of  there exist infinitely many pairwise incomparable elements , , …, , , such that  for any . Assume that  and  are less than  for some , , and . Then  and  are comparable by Axiom 1 of , for a contradiction. So, there is some  such that  and . Then . Hence, .
Since , so . Thus, .

Remark. It holds that . Indeed, let . As above, there exists  such that  and . Then  and .
Conversely, let  and let . Then , so . Thus, .
We have the following pairwise non-isomorphic countable models of :
 a prime model;
 a prime model over a realization of , with a unique realization of this type;
 a prime model over the realization of  forming a closed interval  with ;
 three limit models over the type , in which the sets of realizations of  are , correspondingly.
In Figure 2, we illustrate all possible realizations of the type  and represent the Hasse diagram of Rudin-Keisler preorders  on the set of countable models (up to isomorphisms) of the theory , respectively.

	[image: ]

	Figure 2 – Realizations of  (a.); Hasse diagram of  (b.)


[bookmark: fig2]
So, the next is clear.
Theorem 3.1.1 [40, P. 759] The theory  has exactly 6 countable models up to isomorphism.
Starting with the theory , the situation looks a little different. First, we define the signature  for  as , where  is also a strictly decreasing sequence of constants on the tree, additionally  is comparable with  and , but  and  are incomparable. Therefore, the theory  has the following form



Lemma 3.1.1 [40, P. 759] The meet of incomparable elements of the strictly decreasing sequences of constants ,  does not depend on their representative constants, that is,  for any pairs  and .

Proof. Since  for both , we obtain that



Assume that . So,  holds. Both  and  are less than , so they are comparable, and  is equivalent , for both . Then



If  then by transitivity we obtain that , because , for a contradiction. The case  is similar.
By mathematical induction, we obtain that  for all  and . Now, let . Then



that proves the lemma.

Let , . The element  exists in any model of . So, we redefine our types as follows



Note that  defines a complete type. Then we can consider each type separately, by analogy with the theory . Therefore, according to the orthogonality of the types , , and , two prime models and one limit model arise over the realization of each type  for any . In total, , where  of them are prime models (over some set).
In Figure 3, we illustrate all possible realizations of the types ,  and  (a.) and represent the Hasse diagram of Rudin-Keisler preorder  on the set of countable models (up to isomorphisms) of  (b.).






	[image: ]

	Figure 3 – Here,  is the meet of strictly decreasing sequences of constants  and , and the character  means one of the  (a.);
 is a Hasse diagram with Boolean of }, here the type 
 (b.).



But in the theory




with the signature  there are three meets:



Note that any two of , ,  are comparable. Since  and , then  and  are comparable. A similar situation is repeated for pairs  and ;  and .
Let . Since  and  for any , we have . If , then , which contradicts , because  and . Hence, . By the fact  and , we have . Thus, there are two cases:
Case 1. Assume that . Then  is complete. Then the types of this theory are defined by the following sets of formulas for every :



Since the union of types  defines a complete type and these types are orthogonal, we obtain  countably pairwise non-isomorphic models over the realizations of these types, where  of them are prime models.
Case 2. We assume now that . As in the previous case, the theory  is complete and we define the types of this theory:





Therefore, we obtain the  of countable models over the realizations of these types as in the first case.
Note that, in each case  and , we also obtain  countable models.
Below we illustrate the above-described cases for elements ,  and  in Figure 4.

	[image: ]

	Figure 4 – Cases for elements  and 



Let us proceed to consider the case of arbitrary . We put that the signature  and the theory  is given as



In this theory, we have  meets: , , , .
Here it is enough to consider the case when , since other cases give the same number of models. The list of complete types is defined as follows (here, ):


Thus, we have the following:
Theorem 3.1.2 [40, P. 762] Let , where , be a countable constant expansion of the dense meet-tree theory  with an increasing sequence of constants  and  decreasing sequences of constants , such that we have  and  for each . Then up to isomorphism  has exactly  countable models, where  of them are prime models.
Note that the number of limit models is equal to the subtraction of the number of prime models from the total number of countable models, i.e., .
Since the complete type  is powerful, then the Rudin-Keisler preorder  is a Boolean of the -element set.
If there exist several sequences that are increasing, but pairwise incomparable, and each one has several sequences that are decreasing from above, then this can be considered as a disjunctive union. Then the following theorem will be true.
[bookmark: contantsss]Theorem 3.1.3 [40, P. 763] Let  be a countable constant expansion of the dense meet-tree theory  with  increasing sequences of constants  such that 



Let for each  there are  decreasing sequences , …, , such that  for all , and  for each . We define the function  as  and we put . Then  has exactly 



countable models, where



of them are prime models.
Note that  from Theorem 3.1.3 has as many countable models as some finite disjoint union of theories of the form , and , for .

[bookmark: _Toc221514753][bookmark: on-unary-predicates-expansions-of-dmt]3.2 On unary predicates expansions of DMT

Let  be the complete constant expansion of  as we have considered above. We replace  with a new language , where we interpret the predicates  as the set of constants , for each . Let . We aim to count the number of countable models of . As  is not complete, so is , that is why we consider various completions of .
The difference between models of  and  is that in countable models of  there are automorphisms which make some permutation of . So, we have the following schemes of axioms:
 
 
 
We work simultaneously in models of  and . Since each model of  after replacing the constants with the predicates becomes a model of , and vice versa, each model of  after a suitable replacement of the predicates with the constants becomes a model of .
If  is a model of , we denote the corresponding model of  by . Since the universes of  and  are the same,  being a type of , defines a subset of , which is also a subset of .
The first case is  for all  and . We denote this theory by .
In  we have 3 possible realizations of each type , where . Because of automorphisms we can permute realizations of  and . Then the number of non-isomorphic countable models of  is equal to the number of combinations of a three-element set with repetitions. Hence, we have



countable models. Note that the number of non-isomorphic prime countable models of  is equal to the number of combinations of a two-element set with repetitions, so the number is



Now we consider  and its possible completions different from the considered above. We consider the case that , where  (see Figure 4). Then there is an automorphism of  which moves  to  and  to . So, we have 3 kinds of realizations for each of  and , and by the above formula  realizations for  and , where . Thus, the number of countable models is  and the number of countable prime models is , where the number  is the result of the formula  for . Since other completions of  give the same , we are done.
We describe Hasse diagrams for the completions  and  of  by  and by , respectively.
Let’s describe the realizations of types in this theory. For this, we set  as a unique element which satisfies the following formula



As we showed this above,  does not depend on the choice of .
First, we consider . We desrcibe all types up to Rudin-Keisler preorder:









Hasse diagram of Rudin-Keisler preorder for the types of  is given in the Figure 5.
Now we consider . As in the previous case,  is complete and we desrcibe all types up to Rudin-Keisler preorder:













Hasse diagram of Rudin-Keisler preorder for the types of  is given in the Figure 5.

	[image: ]


	Figure 5 – Hasse diagrams for  and 



It is turn to consider possible completions on  via completions of , where some of  are not the same. There are 5 such completions of  (see Figure 6, in this figure we omit the case when all  are equal).

	[image: ]

	
Figure 6 – All completions of 



Case 1. . There are 3 realizations for each of  and . The number of realizations of , , and  is expressed by , where . So we have  countable models. The number of countable prime models is .
 Case 2. . The number of realizations of  and  is expressed by , where , as well as the number of realizations of  and . So we have  countable models. The number of prime countable models is .
 Case 3. . There are 3 realizations for each of , , and . The number of realizations of  and  is expressed by , where . So, we have  countable models. The number of countable prime models is .
 Case 4. , , and . This is the most interesting case here. There are automorphisms of  which swap  and ,  and , and  and .
First, we calculate the number of countable prime models. It is . The number 6 is obtained by the following calculation. For each of , we have 2 possibilities: either the realization is empty, or not. We denote it by 0 and 1, correspondingly. In order to code all possible variants, we use multisets. Since we have 2 elements: 0 and 1, there are exactly 3 multisets of cardinality 2: , , and . Now we calculate the number of combinations of three-element set with repetitions, when we take 2 elements. It is equal to . Below, we list all possible choices for realization of , , , and :




Now we calculate the number of all countable models. We denote by 2 the limit realization of a type. Since we have 3 elements: 0, 1, and 2, there are exactly 6 multisets of cardinality 2: , , , , , and . Now we calculate the number of combinations of six-element set with repetitions, when we take 2 elements. It is equal to . Recall, that  has 3 kinds of realizations. Thus, the number of countable models is .
We express the general way for calculating the number of countable models. Let  be a finite rooted tree. Let  be the group of all automorphisms of  as a rooted tree. Now we color each leaf of  into  colors, where . Two colorings of  are said to be equivalent if there is a , which takes the first coloring to the second one. Each completion of  correspond to some tree with  leaves, where each vertex has at least two sons or it is a leaf. Then the number of countable models of a completion of  is equal to the number of non-equivalent colorings of the corresponding tree, where the number of colors is equal to 3 modulo the number of realizations of the type . So, the total number of countable models is 3 times the number of non-equivalent colorings of the corresponding tree. For counting the number of prime models of  we take the number of colors to be 2.
We consider some examples of . Assume that the root of  has  sons, each of these sons has  sons, and each grandson of the root has  sons. Then there exist  ways to color the sons of some grandson. Now there exist  ways to color the grandsons with their children. So, there are  ways to color the sons with their sons and grandson. Also, we have 3 coloring of the root. Totally, there are



countable models of the corresponding theory.
Recall that the height of a vertex in a rooted tree is the length of the longest downward path to a leaf from that vertex. Let  and  be two parents of two leaves, that is, of height 1. Then there exists an automorphism that swaps  and , swaps sons of  and sons of  and fixes the rest of the tree if and only if they have the same number of sons. So, we say that a vertex of the height 1 which has exactly  sons is of the type .
Let  be a vertex of height 2. We say that  is of the type



if it has exactly  sons, moreover, it has exactly  sons which are leaves, and exactly  sons of the type , for each .
Let  be a vertex of height , and let  be a type of vertex  of the height . We say that  is of the type



if it has exactly  sons, moreover, it has exactly  sons of the type  for each .
It is straightforward to prove that for any two vertices, there is an automorphism which swaps them and their descendants and fixes the other part of the tree if and only if the types of these elements are the same.
Let  be a vertex which is fixed by each automorphism of  and which has at least two sons of the same type. Let  be a leaf that is a descendant of . Let  be the parent of  of type , that is,  has exactly  sons.
Let  be the parent of  and have exactly  sons of the same type with . And so on, let  be the parent of  and let it have exactly  sons of the same type as  has. Let




Let , where  is the group of all automorphisms of the rooted tree . Then similarly to the example above we can prove that there exist  colorings of  into 3 colors and  colorings of  into 2 colors. Given a set , we denote  by  and  by .
From the above considerations, Theorem 3.2.1 follows.
[bookmark: mr]Theorem 3.2.1 [40, P. 768] Let  be a completion of  and let  be the corresponding rooted tree. Let , …,  be a partition of the set of leaves of , where each  is the orbit of some leaf under the action of the group of automorphisms of . Then up to isomorphism the number of countable models of  is equal to  and the number of countable prime models is equal to 

Now we give the diagram for  in Figure 7, where  is a such completion of  where all meets of the descending sequences are the same. We omit the Hasse diagram of the Rudin-Keisler preorders  for the other theories since the drawing these diagrams seems cumbersome.

	[image: ]

	Figure 7 – Hasse diagram for 



.


[bookmark: _Toc221514754]4 O-MINIMALITY OF EXPANSIONS OF A DENSE MEET-TREE

We start with the dense meet tree [30, 40] as a sufficiently tame partial order to examine our approach.
The first systematic attempt to introduce o-minimality for partially ordered structures was made by C. Toffalori [17]. In his approach, a partially ordered structure is called o-minimal if for every parameter set  each subset definable over  is a finite Boolean combination of sets given by formulas of the form  or , where . This definition became a natural starting point for later developments; see, for example, [18].
Another direction is weak o-minimality for partial orders. K. Z. Kudaibergenov proposed a notion based on convexity [19]. A subset  of a partially ordered set  is called convex if



A partially ordered structure  is weakly o-minimal if every definable subset of  is a finite union of convex sets [19]. In their joint work [23], V. V. Verbovskiy and S. V. Sudoplatov proposed several new notions of weak o-minimality for partially ordered structures. Their aim was to avoid the fact that, in the approach of K. Z. Kudaibergenov, infinite antichains may be definable. In that case, one must either restrict to partial orders of finite width, as in [19], or accept that the resulting class of weakly o-minimal structures may contain arbitrary expansions of a structure with a trivial partial order, that is, when the partial order coincides with equality. Related notions of partial orders were also studied in [21, 22].
In this dissertation we follow the approach proposed for dense meet-trees in [41]. The standard o-minimal picture for linear orders is based on finite unions of intervals. For partial orders this is less convenient, because the complement of an interval can be complicated, and Boolean combinations of intervals are usually used instead [17]. Our idea is different: we keep the requirement “finite union”, but we replace ordinary intervals by generalized intervals. Thus, we say that a partially ordered structure is o-minimal if every definable subset is a finite union of generalized intervals and points [41]. This agrees with the classical intuition of o-minimality, with generalized intervals playing the role of one-dimensional cells in the partially ordered setting.
Finally, we note that extending tame model-theoretic methods beyond linear orders is well motivated. For example, the notion of o-stability and its applications were developed in [38, 53]. One may also compare this direction with more general frameworks such as relative stability [54]. In the rest of this section, we recall the definition of generalized intervals and discuss their basic properties.





[bookmark: _Toc221514755][bookmark: definable-subsets-of-dmt]4.1 Definable subsets of DMT

This section introduces the concept of generalized intervals, which extends the classical representation of intervals. This concept allows us to work with our structure, namely the dense meet-tree.
To begin with, we give a definition below.
Definition 4.1.1 (V. V. Verbovskiy).  Let  be a model of the DMT theory. A subset of  is said to be a generalized interval if it is either an interval or is equal to



for some definable with parameters in the signature  subset  of  on one of the following forms:
1. , for positive integer  and some elements , …, ;
1. ;
1. 
For our reasoning, we need the following definition.
Definition 4.1.2 [41, P. 61] An element  is said to be a partial infimum of a set  if there exists a partition of  into sets  and  such that ,  and  whenever .
Observe that the elementary theory of a dense meet tree admits quantifier elimination, so in the above definition we can use just subsets which are definable by a quantifier-free formula with parameters.
Let  be a dense meet-tree. For every  it is possible to define an equivalence relation above , that is, on the set :



We call an equivalence class of this equivalence relation an open cone above .
Lemma 4.1.1 [41, P. 61] An equivalence class for the equivalence relation  is expressible as written below:



Proof. Assume that . By definition, . Since the order is dense, there exists . Then  and . Hence, we obtain .
Let . Then  for some element . It means that  and , so , that is, . We proved the inverse inclusion and, thus, the equality of two sets.

Note that for each class  there exists its infimum.
The difference between a total ordering and a partial one is the existence of incomparable elements. So, we express the set of incomparable to  elements as a union of intervals.
Lemma 4.1.2 [41, P. 62] For any element  the following holds: 



Proof. First, we show the necessary condition. Let . It means that , namely  is outside the class  over . Then there is an element  between  and  such that . Note that . So,  and this interval is one of the intervals of the union.
We show the sufficient condition. Let  for some  where . Assume the contrary, that  and  are comparable. If , then  and  are comparable, because both are less than . Then . It means that , for a contradiction. Let . Since  we obtain  and , for a contradiction. 

Note that the set of all incomparable elements to some element does not have infimum.
Thus, using the notations about the class of equivalence relations and incomparable elements, we can express the complements of the equivalence class above .
Below we use the following notation. Let  be a formula. Then



[bookmark: not-a-class]Lemma 4.1.3 [41, P. 62] For any elements  and  with  the following holds:



In particular,



In particular, the set  does not have infimum and .
Proof. Let . Then we have the following possibilities:



We consider each disjunct separately:
1. If  then  and . Now we write the set of all such ’s as follows:



Let . Since the order is dense, there exists . Note that , then  and .
Conversely, let



If , then . Assume that . We choose  so that . Then  implies  and . That is why .
2. Since  and , this implies  and , so  or . The set of all ’s such that  is an interval . The set of all ’s such that  is a generalized interval. So, the set of all ’s such that  is a union of an interval and a generalized interval.
3. Since  and , then  and  are comparable, so  is inconsistent. 

Now, we describe definable subsets of DMT. It is well-known that the theory of DMT admits quantifier elimination, so any formula in one free variable  is a Boolean combination of formulae of the following kinds: 
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(1)   
(2)   
(3)   
(4)  
(5)   
(6)   
(7)   
(8)  


The formulae with negation can be transformed by the following equivalences:






So, we can assume that any formula is a disjunction of conjunctions of formulae of the kinds (1)–(4).
The operation  is idempotent, commutative, and associative. That is why any term  is equal to  for some term . So, we obtain the following types of atomic formulae:


(1.1) 
(1.2) 
(1.3) 
(1.4) 
(2.1) 
(2.2) 
(2.3) 
(2.4) 
(3.1) 
(3.2) 
(3.3) 
(3.4) 
(4.1) 
(4.2) 
(4.3) 
(4.4) 

We consider each case separately and show that each formula can be described as a point, an interval, or a generalized interval.
Cases (2.2), (3.2), (4.2), and (4.4) are false. For Case (1.1) we have a point, Cases (2.1) and (3.1) give the intervals. Also, Case (1.2) is equivalent to , and Case (4.1) is the generalized interval.
Now we look at the remaining cases in more detail.
Case (1.3). We obtain the following



Here, the first disjunct  defines an interval and the second disjunct defines a single point. From Lemma 4.1.3 it follows that the third disjunct define a generalized interval.
Case (2.3). We see that  belongs either to the interval or to the generalized interval




Obviously, each disjunct defines an interval or a generalized interval.
Case (3.3). Since  is impossible in this case, we can see that



Case (4.3). This case is possible only under the condition :



Case (1.4). Here we have two possibilities:  and . The first case is similar to Case (2.3). So, we consider .
This case is written as follows


Case (2.4). It is certain that  is false, then we get the following



Case (3.4). Similar to Case (2.4).
Theorem 4.1.1 [41, P. 65] Notion of o-minimality for an expansion of the DMT theory is correct, that is, any Boolean combination of sets which are either a point or a generalized interval can be expressed as a finite union of points and generalized intervals.
For any definable set there exist at most finitely many partial infima.
Proof. We prove both statements of this theorem by the simultaneous induction in the complexity of the construction of a Boolean combination.
Note that any set defined by an atomic formula has at most one infimum because it is either a point, or an interval, or a generalized interval. Because of quantifier elimination, it is sufficient to consider just an arbitrary Boolean combination of atomic formulas.
1. It is obvious that the union of generalized intervals and points is a finite union of generalized intervals and points. Obviously, any finite union of sets that have at most finitely many partial infima also have at most finitely many infima.
2. We consider the intersection of two finite unions of generalized intervals and points. Since



it is sufficient to consider the intersection of generalized intervals and points.
The intersection of generalized intervals with a point either is empty or a point. The intersection of generalized intervals with an interval of the form , where , and  is a subset of a linearly ordered set , and in linearly ordered sets the intersection of intervals either is empty or an interval.
We consider an intersection of the form: . If  and  are comparable, then this is , otherwise it is empty. We can see that in these two cases the intersection of two sets has at most one infimum.
We consider the intersection of generalized intervals:



where  for some  such that  and  are comparable. Therefore, the intersection of two generalized intervals is itself a generalized interval.
Note that if both  and  have at most finitely many partial infima, then  also has at most finitely many partial infima, then  has at most finitely many infima.
We consider the intersection of a generalized interval with an interval of the form , but the last interval can be written as , thus we get into the previous case.
3. Now we consider the complements of the finite union of generalized intervals and points. , therefore, it is sufficient to consider only the complement of a point, an interval, and a generalized interval.
We should also consider the complement of intervals since we know that the complement of intervals is a finite union of intervals, which is what the below states.





Note that the complements of a point  is .
As one can see, any of the above sets has at most one infimum.
So, we consider the complement of a generalized interval:



Note that  for any  and . Since  is definable in  and  admits quantifier elimination, there exists an element  or . So,  being non-empty is equal to , provided that , and to  otherwise.
Now we consider . Observe that



for any pair . So, if the set  contains the least element, say, , we obtain . If the set  is not bounded below, then we obtain that . So, we assume that  is bounded below. By induction hypothesis  has at most finitely many partial infima, say , …, . Let , …,  be a partition of  such that  for each . As we have noticed, if , then .

Assume that . Then obviously, . Indeed, if an element is comparable with some , then it is comparable to . Now we consider an element  that is comparable to . If , then by transitivity  for each . So, we consider only those , that . We denote .
By the quantifier elimination result it holds that either  is contained in finitely many -classes or  contains cofinitely many -classes. Also, at most finitely many -classes intersect  but not subsets of . Let  consist of those -classes, that are subsets of  and . Then .
Let  and . If  then we obtain a similar situation as before, we consider -classes. So, we assume that . We obtain , this means that . By the definition of , we have .
In order to obtain  from  we remove finitely many subsets definable by a conjunction of atomic formulas. We can remove
1. an equivalence class  for some  and ,
1. an interval of the form  for some ,
1. an interval of the form  for some ,
1. the set of all elements that are not comparable with  for some .
We have already described the way to deal with Case (1).
Assume we have removed an interval of the form  for some . Since the order is dense, there exists . Then  whenever . Then



Assume that we have removed an interval of the form  for some . If  we proceed as above just replacing  with . So, we assume that , that is, we have removed an interval of the form . Let an element  be the supreme of all  such that  and  for each . So, we have removed an interval of the form  or  and this set is a maximal connected set that contains , is a subset of  and any element of  that is comparable with some element of  (or ) then this element is comparable with all elements of  (or ). In this case we obtain



or



depending which kind of an interval do we have:  or .
Now we consider the last case: we have removed from  the set of all elements that are not comparable with  for some . Note that



Also we observe that



Since we can make only finitely many removals from , we end with finitely many steps describing .
Also, we can see that this operation cannot give a definable set with infinitely many partial infima.

So, the next is clear.
Theorem 4.1.2 [41, P. 67]  is o-minimal, that is, any of its definable subsets is a finite union of generalized intervals and points.

[bookmark: _Toc221514756][bookmark: X97d10509142f5aeee3630b7b357110415551e11]4.2 Examples of o-minimal expansions of the dense meet-tree

Using quantifier elimination and checking all definable subsets of the dense meet-tree, we can prove that the structure  in the original language is o-minimal in the sense of the definition of o-minimality for partial orders, based on generalized intervals. The aim of this section is to study subsets and functions that are definable in an o-minimal expansion of the dense meet-tree. First, we give examples of o-minimal expansions of the dense meet-tree to show that this class is richer than the class of dense meet-trees in the pure language.
Let  be a family of strongly minimal countable structures, where the index  ranges over some set , and we have  for all . Moreover, no signature  contains the symbols  and . We choose a family of pairwise incomparable elements , where . For each  we define a structure  on the set of equivalence classes with respect to the relation , where  is defined as . We denote equivalence classes under  as . Let



be a bijection (we assume that all structures  and  are countable, it is possible to define a bijection ). Then we define a structure  on the set of equivalence classes . Thus, we define all predicates, function symbols, and constants from . For instance, an -ary predicate  is defined as follows:



Function symbols and constants are defined analogously.
Furthermore, we assume that the signature of the new structure  contains constants  for all , which we identify with the corresponding elements . Note that equality in the signature  is interpreted as equivalence under .
[bookmark: Theorem_2.2.1]Theorem 4.2.1 [42, P. 262] The structure  has an o-minimal elementary theory.
Proof. Without loss of generality, we assume that the elementary theories of the strongly minimal structures  admit quantifier elimination. Moreover, we suppose that we have performed Skolemization. Under these assumptions, it is straightforward to prove that the elementary theory  of the structure  admits quantifier elimination. To prove this, we apply Tarski’s criterion for quantifier elimination, that is, demonstrate how to eliminate an existential quantifier preceding an elementary conjunction of atomic formulas. We list the possible atomic formulas:


(1.1) ;
(1.2) ;
(1.3) ;
(2.1) ;
(2.2) ;
(2.3) ;
(3.1) ;
(3.2) ;
(3.3) .


Let us write the part of the elementary conjunction consisting of symbols of the signature  in the form . We denote the conjunction of formulas of the pure dense meet-tree signature by .
Due to strong minimality, for each substitution of parameters  instead of the tuple , we obtain that the formula  has either a finite or cofinite number of solutions. Moreover, if the number of solutions is finite, then this number does not exceed a certain natural number , which depends only on the formula, but not on the parameters. Let the formulas



be such that  satisfies one of them and, at the same time,  has exactly as many solutions as the subscript of that formula. If  has an infinite number of solutions, then its negation has a finite number; let  be the corresponding formulas for the negation of the formula .
Due to Skolemization, if the formula  has  solutions, then there exist functions  such that it is precisely the values of these functions that give the solutions of the formula . Similarly, we introduce functions  for the negation of the formula . Then







As a result, within the parentheses, we have obtained a formula of the pure dense meet-tree, for which quantifier elimination is already known.
If the formula contains symbols from several signatures , the reasoning remains analogous, though more cumbersome.
Due to quantifier elimination, it is easy to prove that the obtained structure is o-minimal. Indeed, as announced in [41], the formulas of the pure dense meet-tree can be represented as a finite union of generalized intervals and points. Moreover, formulas in the signature  can only single out finite number of equivalence classes , and these classes could also be singled out in the signature of pure dense meet-tree. Thus, these sets are represented as finite unions of generalized intervals and points.

We recall two standard notions which we use below, when we add extra structure on the quotients .
Definition 4.2.1 Let  be a structure. We say that  is minimal if for every formula  with one free variable , the set  is finite or cofinite in the domain of . We say that  is strongly minimal if every model of  is minimal.
In our constructions, extra symbols may define subsets inside the quotients . If the induced structure there is (strongly) minimal, then each such subset is finite or cofinite. Hence, after lifting to the meet-tree, these formulas can distinguish only finitely many -classes. This fits well with the o-minimal picture based on finite unions of generalized intervals and points.
[bookmark: Theorem_2.2.2]Theorem 4.2.2 [42, P. 263] Let  be an arbitrary o-minimal expansion of the dense meet-tree. Then for any element , the full induced structure on  is minimal. If  is o-minimal, then the full induced structure on  is strongly minimal.
Proof. This is obvious, since in the theory of the pure dense meet-tree, it is possible to single out only a finite number of equivalence classes, and a finite number of equivalence classes can be represented as a finite union of generalized intervals.

Let us construct further examples of o-minimal expansions of the dense meet-tree.
We single out two incomparable elements  and . On the set , we define an equivalence relation  such that  implies , and the structure induced on  is strongly minimal. We assume that there exists an infinite number of equivalence classes of . If  holds but , then let  be a partial isomorphism of the dense meet-tree from  to . Let  be a subset of the interval  consisting of classes of the equivalence relation , such that from each class of the equivalence relation  we take exactly one class of the equivalence relation . Thus,  consists of a countable number of equivalence classes of .
Let  be a partial isomorphism of the dense meet-tree from  to . If , we find  such that  holds. In this case, we set



Thus, we define the function  on the entire interval .
[bookmark: Theorem_2.2.3]Theorem 4.2.3 [42, P. 264] The structure  constructed in the above manner has an o-minimal elementary theory.
Proof. The statement of the theorem follows in an obvious way from the quantifier elimination for the elementary theory of the structure  (possibly, Skolemization is required for the full induced strongly minimal structure on ), the proof of which we leave to the reader as an exercise.

[bookmark: Theorem_2.2.4]Theorem 4.2.4 [42, P. 264] Let  be a strictly increasing continuous function from  to , definable in some expansion of the dense meet-tree , whose theory is o-minimal. Then  is given as described above.
Proof. By virtue of its monotonicity and continuity, the function  is a partial isomorphism between the -equivalence classes and the -equivalence classes. Define the equivalence relation  on  by . If  holds but , then since each class  and  is mapped by a partial isomorphism into the same -class, there exists a partial isomorphism between them. The equivalence relation  must induce a strongly minimal structure on  by Theorem 4.2.2.



[bookmark: _Toc221514757]5 PIECEWISE MONOTONICITY FOR UNARY FUNCTIONS IN O‑STABLE GROUPS

[bookmark: _Toc221514758][bookmark: preliminary-information]5.1 Preliminary information

In the present section we continue the study of properties of -stable ordered groups initiated in [55, 56]. Note that such groups are Abelian [55]. Hence, we write the group operation additively. In [8], it was shown that unary functions definable in weakly o-minimal structures are locally monotone and continuous. In [16], it was proved that unary functions definable in inp-minimal densely ordered groups are piecewise continuous. It is worth observing that the concept of an inp-minimal ordered structure generalizes the concept of an ordered structure having a weakly o-minimal theory. We consider a class of ordered groups whose elementary theory is o-stable. This class includes a class of inp-minimal ordered groups without the independence property. Our goal is to prove piecewise monotonicity and piecewise continuity for unary functions definable in ordered groups of nonvaluational type whose theory is o-stable.
Although we consider linearly ordered Abelian groups (a group is denoted by ), if it is possible to define some concept for a class of linearly ordered structures (which are denoted by  in such a case), then we do so, temporarily ignoring the group structure.
Let  be a linearly ordered structure,  be an element of , and  and  be subsets of the universe . As usual, we set




A partition  of a set  is called a cut if . Given the cut , we can construct a partial type



which we also call a cut and denote it by the symbol .
A subset  of a linearly ordered set  is said to be convex if, for any , the segment  is contained in . The length of a convex set  of a linearly ordered group is defined to be



Maximal convex subsets of a set  are referred to as its convex components.
Definition 5.1.1 [53, P. 212]
1. A linearly ordered structure  is o-stable in  if, for any subset  of cardinality at most  and for an arbitrary cut  in , there exist at most  many -types over  that are consistent with the cut .
2. A theory  is o-stable in  if every model of  is o-stable in .
3. A theory  is o-stable if there exists an infinite cardinal  such that  is o-stable in .
Definition 5.1.2 [55, P. 87] A linearly ordered structure  has the strict order property inside a cut if there exists a formula  such that, for every natural number , there are tuples  and a cut  in the structure  for which, in some -saturated elementary extension  of the model , the following inclusions hold:




where  is the set of all realizations of the cut  in the model .
A theory has the strict order property inside a cut if some of its models have this property. Note that a theory  is o-stable iff it does not have the strict order property inside a cut, nor the independence property [53, 55].
Definition 5.1.3 [8, P. 5469] A cut  is valuational if there exists  such that  for all  and all .
Notice that for any convex set  in , each of its bounds  and  defines convex subgroups  and , respectively, as follows:



Thus, a cut  is definable iff the subgroups  and  are first-order definable.
An ordered group  is a group of valuational type if it has a definable valuational cut; otherwise,  is a group of nonvaluational type. Note that  is an ordered group of nonvaluational type iff there is no first-order definable nontrivial convex subgroup in  [8]. In particular, in groups of nonvaluational type,  for any first-order definable convex set .

[bookmark: _Toc221514759][bookmark: X925b78ebb9913f162e72f848ffa372fa279389b]5.2 Piecewise continuity for definable unary functions

Here we work with a densely ordered group  whose elementary theory is o-stable. The goal of this section is to prove that a first-order definable unary function  is piecewise continuous. The ideas underlying our proof have much in common with those used to prove a similar result for dp-minimal ordered structures [16].
Following [8], we expand  by adding new sorts (imaginary elements) to obtain  which is a definable topological closure of the set , where the topology is induced by a linear order. By the definable topological closure, we mean the following. Let  be a cut in  such that the set  is first-order definable (with parameters from ). Then . For simplicity, we do not add non-definable cuts to the set . More generally, suppose that we have a formula  such that for any element , the set  is an initial segment of , that is,



Consider an imaginary function  defined by



Since we are interested in continuity and monotonicity, it suffices to realize that the expression  is expressible, namely,



Let  be the graph of a function . Denote by  the set of all elements  such that  is a limit point of the set



Equivalently,  is the set of all right-hand partial limits of  at a point . Similarly, we can define  as the set of all  such that  is a limit point of the set



Finally, we define  to be the union of  and .
Claim 5.2.1 [16] For any densely ordered structure , any function , and any element , the set  is nonempty.
[bookmark: Lemma_3.1.1]Lemma 5.2.1 [38, P. 17] Let  be a densely ordered group whose theory is o-stable. Then there exists a natural number  such that for any element , the set  has at most  elements.
Proof. Since the theory of  is o-stable, by compactness, it is enough to show that for any element  the set  is finite. Otherwise, we could construct an elementary extension of the considered group, where  is infinite, which is impossible for the following reasons.
Assume for a contradiction that  is infinite for some . Without loss of generality, suppose that the set of right-hand partial limits  is infinite. Consider a monotone sequence  such that every interval  contains at least one element of .
For , define a formula



By the choice of the sequence  the set  is consistent with a cut . Moreover, for any  we have the proper inclusion



This indicates the presence of the strict order property inside the cut, which is impossible in o-stable theories. 

In order to prove Lemma 5.2.2, we use the following two results.
Claim 5.2.2 (Viktor Verbovskiy, [55]).  In an o-stable ordered group, there is no infinite, first-order definable nowhere dense set.
[bookmark: Claim_3.1.3]Claim 5.2.3 [55] Let  be a densely ordered group whose elementary theory is o-stable. Then there does not exist a first-order definable function  such that
 the set  is first-order definable and dense,
 ,  is a cut in , and
 there exist infinitely many sequences  of elements in  that converge to , where  for any , and are such that 



equivalently,  is consistent with  for any  and any .
Instead of Claim 5.2.3, sometimes it is more convenient to use
[bookmark: Corollary_3.1.1]Corollary 5.2.1 [38, P. 18] Let  be a densely ordered group whose elementary theory is o-stable. Then, for any first-order definable functions  and  from  to  for which  with arbitrary , where  is infinite, and for any interval  such that  is infinite, there exist a subinterval  and a positive element  such that  is infinite and  for any .
Proof. Suppose that such  does not exist. Then we partition the interval  into infinitely many subintervals and, in each of them, we find a sequence on which  tends to , which is a contradiction with Claim 5.2.3

[bookmark: Lemma_3.1.2]Lemma 5.2.2 [38, P. 18] There exist only finitely many elements  for which .
Proof. Let  be the set of all elements  such that . Suppose that  is infinite. Then there is an interval  such that  is everywhere dense in . Define a function  to be the supremum of  such that the -neighborhood of a point  does not intersect the graph  of the function . Since , such positive element  does exist. Applying Corollary 5.2.1, there are  and a subinterval  with  for any .
Let  be such that , and  for some , where . Then  and , which is a contradiction with .

Since we are interested in piecewise continuity, we can remove finitely many points and consider each interval between the removed points separately. Hence, without loss of generality, we can assume that  for any .
According to Lemma 5.2.1, there is a natural number  such that  for any . We define functions  as follows: let  be the -th element (in increasing order) of the set , if it exists. It is straightforward that each  is first-order definable.

[bookmark: Lemma_3.1.3]Lemma 5.2.3 [38, P. 18] Each function  is piecewise continuous.
Proof. By Lemma 5.2.2, there are only finitely many elements  such that , and without loss of generality, we can assume that such points do not exist. Moreover, they are missing for every function , where , the number  is defined as in Lemma 5.2.1, and functions , , do not exist. It remains to observe that  for all . Indeed, by virtue of the above assumptions,  for every . Clearly, . Since  generates  functions,


Hence



[bookmark: Theorem_3.1.1]Theorem 5.2.1 [38, P. 19] In a densely ordered group whose elementary theory is o-stable, any first-order definable unary function is piecewise continuous.
Proof. Let . By Lemma 5.2.3, the function  is piecewise continuous on its domain; hence it is piecewise continuous on the set  with the induced topology. Consequently, the restriction of  to  is piecewise continuous, and since there are finitely many , we conclude that  is piecewise continuous. 

		         
[bookmark: _Toc221514760][bookmark: piecewise-monotonicity]5.3 Piecewise monotonicity

The preimage of an open set with respect to a continuous function is open. Therefore, the following holds:
[bookmark: Lemma_3.2.1]Lemma 5.3.1 [38, P. 19] Let  be an ordered group,  be a continuous unary function, and  be an open set. Then both sets  and  are open for any element .
Throughout this section,  denotes a densely ordered group whose elementary theory is o-stable.
[bookmark: Lemma_3.2.2]Lemma 5.3.2 [55] Let  be a group of nonvaluational type. Then every first-order definable equivalence relation on  has only finitely many infinite convex classes.
[bookmark: Lemma_3.2.3]Lemma 5.3.3 [38, P. 19] Let  be a definable open subset of an o-stable group  of nonvaluational type. Then  is a finite union of convex sets.
Proof. Assume to the contrary that  has infinitely many convex components  where  runs through some infinite index set . The set  is open, so every convex component of  is infinite rather than consisting of a single element.
Let  be an increasing (or decreasing) sequence of convex components of . We can assume that  is an -saturated structure, i.e., every type over a countable subset is realized. Then  contains a positive element  such that



for every  and any .
Note that  for any convex definable set . Therefore,



i.e., .
We define the set  as follows:



Then  is a cut in , where .
Define the formula  The formula has the strict order property inside the cut , which contradicts the o-stability of the group . Indeed, for every element  we have



[bookmark: Lemma_3.2.4]Lemma 5.3.4 [38, P. 19] Let  be an ordered group of nonvaluational type whose elementary theory is o-stable, and let  be a definable unary continuous function. 
Then, for every parameter , each of the sets
 


is a finite union of finitely many convex sets.
Proof. By Lemma 5.3.1, the sets  and  are open and, consequently, each of them is a union of finitely many convex sets by Lemma 5.3.3.
Notice that , and being the union of open sets, it is open.
Let . Define an equivalence relation of the form



The -classes are convex components of the set  or convex components of the complement of .
Let  be an intersection of equivalence relations , , and . By virtue of Lemma 5.3.2,  has only finitely many infinite convex classes [55].
A set of boundary points of the set  is defined by the formula



Take  such that . Then



It is easy to see that the above intersection consists of convex components of the sets  and , and there exist only finitely many such components. Since convex components of  alternate with those of  or ,  also has a finite number of convex components. The latter may contain only finitely many boundary points, hence  is the union of an open set and a finite set.

Definition 5.3.1 [38, P. 21] A function  is said to be piecewise monotone on a set  if  is the union of finitely many convex sets on each of which  is monotone.
There does not exist an infinite nowhere dense set. Therefore, for any infinite set  first-order definable in an o-stable group of nonvaluational type, there exists a finite partition into sets  such that each , , is everywhere dense in its topological closure [55]. A continuous first-order definable function on  can be extended to a continuous first-order definable function on the topological closure of . In the next theorem, therefore, it might be convenient to assume that the domain of  is a convex set. Otherwise, the sets  will be convex not in the whole group, but only in .
[bookmark: Theorem_3.2.1]Theorem 5.3.1 [38, P. 21] Let  be an o-stable ordered group of nonvaluational type whose order is dense,  be a sort in , a partial function  be definable and continuous, and  be infinite. Then the function  is piecewise monotone; i.e., for some , there exists a finite partition of  into definable sets  such that  is finite,  is convex in  for every , and  is monotone.
Proof. First, we define the following formulas:



For , put



The behavior of the function in the neighborhood of a point in  can be illustrated as follows:

	[image: theta_diagrams_clean2.png]

	
Figure 8 – Behavior of the function



Any of the sets definable by the formulas , , and  is a finite union of intervals and points in view of Lemma 5.3.4. By Lemma 5.3.2, o-stable groups of nonvaluational type do not contain a first-order definable equivalence relation with infinitely many infinite convex classes. Hence one of the formulas , ,  is true, as is one of , , .
We divide the proof into several parts.
(a) The formulas , , , and  cannot hold on an infinite set.
Assume the contrary. If the set  contains an interval , then we take a point  from the interval . By the definition of the formula , there exists a point  such that the equality  holds for any . Now we take an arbitrary point ; then  satisfies the formula , but not , a contradiction.
Suppose that  is infinite but does not contain an interval. Take an arbitrary interval , for which , and a point  in this interval. Then



and . Hence  is an infinite nowhere dense set, which contradicts the fact that such sets do not exist in o-stable groups [55].
In a similar way, we consider formulas of the forms , , and . Hence cases (2), (4), (6), and (8) (see the figure above) give a finite set.
(b) Consider the formula .
Take a point . There exists an interval  such that .
We write an equivalence relation as follows:



Then  is an equivalence relation with convex classes. The number of infinite classes is finite since  is a group of nonvaluational type [55]. All classes contained into  are infinite, hence there are finitely many such classes. Thus the function is a constant on finitely many convex sets.
It remains to consider formulas of the forms , , , and . To do this, we need the following:
[bookmark: Lemma_3.2.5]Lemma 5.3.5 [cf. [8], Lemma 3.10] Let  be an o-stable group of nonvaluational type,  be a sort in , and  be a definable partial function. Suppose also that there exists a point  such that  for all . Then there does not exist an interval  such that for every subinterval , the point  is a limit point of the set .
Proof. Assume the contrary. Partition  into infinitely many intervals



Let  be a limit point of the set  for every .
Let . Consider the set



In this case we obtain a cut .
Consider an interval . The point  is limit, so there exist  such that . By compactness, there are  such that  for all . Consequently,  do not satisfy the formula



Hence the formula  satisfies the strict order property inside the cut , which is a contradiction with o-stability. 

(c) The sets  and  do not contain an interval.
Assume the contrary. Let  contain an interval . Define a neighborhood of an element  as follows:



Thus  is the greatest neighborhood of , in which  is the global minimum point of .
Take a point  from the neighborhood , where . A neighborhood  is entirely in the neighborhood . Moreover,



Define a function which specifies the length of  by setting



Any interval in  has points with an arbitrarily small neighborhood, i.e., 0 is their limit point, which contradicts Lemma 5.3.5. Thus  does not contain an interval. Similarly, nor does  contain an interval.
Now we need to show that the sets in question are finite. Let  be infinite. Then there exists an interval  such that  is everywhere dense in . It is sufficient that  be everywhere dense in this interval, since we can repeat the argument from the previous paragraph, replacing  with the set . Hence  and  are finite.
Thus, we may suppose that cases with sets , , , , , , and  have been considered. Without loss of generality, we assume that for any ,



(d) Let some interval  be contained . Suppose that  is not increasing on any subinterval  (if  is increasing on an interval, then we eliminate that interval).
For a point , we define a neighborhood



Since  is not increasing on  for any , there exist  and  such that the increase is disrupted:



Then the neighborhood  is smaller than that of .
Let . This function has 0 as a limit point in any interval, a contradiction. The formula  can be considered similarly.
Now we take an equivalence relation  with convex classes such that  is a monotone restriction. The number of infinite classes is finite.
Suppose that  and  are everywhere dense on  and that  and . Let ; then . Consequently,  and the length of  is less than . Here the neighborhood  of a point in  is defined similarly to the neighborhood of a point in . Hence, for the function  defined above on the segment , 0 is a limit point. Since  is arbitrary, it follows that 0 is a limit point of  in any interval, a contradiction. Therefore, if  (or ) is everywhere dense on , then it contains . ◻
Note that the continuity condition on  is essential. This is demonstrated by the following example.
Example 1. [38, P. 24] Consider a structure , where  is a Dirichlet function, i.e.,



This structure is o-stable [55]. The function  is not piecewise monotone in our sense. However, if we consider restrictions  and , then each of these is constant, i.e.,  becomes piecewise monotone under the condition that the pieces may be non-convex.
With Theorems 5.2.1 and 5.3.1 in mind, we obtain the following statement.
Theorem 5.3.2 [38, P. 24] Let  be an o-stable ordered group of nonvaluational type whose order is dense,  be a sort in , and a partial function  be definable. Suppose also that  is infinite. Then the function  is piecewise monotone and continuous, i.e., for some , there exists a finite partition of  into definable sets  such that  is finite, and  is monotone and continuous for every .



[bookmark: _Toc221514761]CONCLUSION

The dissertation is devoted to the model theory of ordered structures with a focus on complete small theories arising from the dense meet-tree theory (DMT) and its countable expansions, as well as on o-stable linearly ordered Abelian groups of nonvaluational type. The central objectives are to compute and classify countable spectra of natural expansions of DMT (via constants and unary predicates with finite realizations), to describe definable sets in these partially ordered frameworks, to introduce an o-minimality-type tameness notion suited to meet-trees, and to establish monotonicity-type properties for unary definable functions in the o-stable ordered-group setting.
One of the main goals was to obtain explicit spectrum formulas and to describe the structure and distribution of countable models (including prime and limit models) using the Rudin–Keisler preorder. Another goal was to develop a workable replacement for the classical interval-based o-minimal picture in a partially ordered context and to verify its nontriviality by constructing concrete examples. Finally, the dissertation aims to connect these meet-tree results with a parallel tameness phenomenon in o-stable ordered Abelian groups.
The main results obtained in the dissertation are as follows:
1. Constant expansions of DMT by one increasing sequence and  pairwise incomparable decreasing sequences of constants are classified. An exact formula for the number of countable models is established: the theory has  countable models, among which  are prime models and the remaining ones are limit models. The Rudin–Keisler preorder on almost prime models is described and isomorphic to the Boolean algebra of subsets of an -element set. More general constant expansions with several independent increasing sequences are also classified, and explicit product formulas for the numbers of countable and prime models are obtained.
1. Expansions of DMT by unary predicates with finite realizations are studied. For these expansions, the possible numbers of countable models are computed, the numbers of prime and limit models are determined, and their distribution is described in terms of the Rudin–Keisler preorder.
1. A model-theoretic description of definable sets in dense meet-tree expansions is obtained. Using the -basedness and quantifier elimination for DMT, definable subsets are characterized via combinatorial conditions of comparability and existence of bounds in the tree. This description is applied to the study of Ehrenfeucht-type expansions and serves as a basis for tameness results.
1. A new notion of o-minimality for expansions of a dense meet-tree is introduced using generalized intervals. It is proved that an expansion of a dense meet-tree is o-minimal in this sense if and only if every definable subset is a finite union of generalized intervals and points.
1. Non-trivial examples of o-minimal expansions of the dense meet-tree are constructed. Several explicit expansions are shown to be o-minimal in the new sense, demonstrating that the proposed notion is robust and yields a rich family of tame partially ordered structures.
1. Unary definable functions in o-stable linearly ordered Abelian groups of nonvaluational type are shown to be tame: every definable unary function is piecewise monotone and piecewise continuous.
Assessment of the completeness of the aims of the work. All the stated objectives of the dissertation have been achieved. The dissertation provides explicit classifications and spectrum computations for broad families of countable DMT expansions, establishes a uniform Rudin–Keisler framework for describing the distribution of prime and limit models, develops a new o-minimality paradigm suitable for dense meet-trees, and proves a monotonicity-type tameness theorem for unary definable functions in the o-stable ordered-group setting. Thus, the proposed methods and results form a coherent contribution to the study of countable spectra and definability in ordered structures.
Suggestions on applications of the obtained results. The obtained results can be used as tools for constructing and analyzing tame expansions of partially ordered structures with controlled spectra. The explicit spectrum formulas and Rudin–Keisler descriptions may be applied in further investigations of Ehrenfeucht-type theories beyond linear orders and in the systematic study of prime/limit model distributions for small theories. The generalized-interval approach to o-minimality provides a practical framework for studying definable sets in meet-trees and related partially ordered contexts, while the piecewise monotonicity/continuity results for o-stable ordered Abelian groups complement and extend the classical “tame geometry” program known for o-minimal, weakly o-minimal, and dp-minimal settings.
Assessment of the scientific level of the work in comparison with achievements in the scientific direction. The dissertation extends the existing collection of explicit examples of complete small theories with computed countable spectra and demonstrates that Rudin–Keisler methods effectively control the structure and distribution of countable models in partially ordered frameworks. The introduced o-minimality notion for dense meet-trees supplies a workable replacement for the classical interval-based definition in the absence of totality and yields concrete descriptions of definable subsets in broad classes of expansions. The established piecewise monotonicity and piecewise continuity phenomenon for unary definable functions in o-stable ordered groups places the o-stable setting into the general landscape of tameness results for ordered structures and complements the developed o-minimality theory for dense meet-trees.
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